The solution of equation (1) subject to equation (2) is:
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Next, suppose that the temperature gradient at the inner surface i] specified as" qo. 
(8)
Hence the trace _ of the global stiffness matrix is" The trace may be minimized with respect to the nodal coordinates by setring the partial derivative of _ with respect to re equal to zero and solving for the ratio re+i/r e • Consider two finite element models, each with four linear elements and five nodes: The first model (designated "Uniform Mesh") has equally spaced nodes. The second model (designated "Improved Mesh") has its nodal spacing governed by equation (23). The objective is the determination of the internal temperature distribution.
The solutions of the finite element governing equations lead to the results listed in table I. The error at the nodes is defined as the difference between the theoretical results and the finite element results.
In order to compare the error distribution amongthe elements, rms errors were calculated using 50 uniformly spaced points through the thickness of each element. Each element's linear shape function was used to compute the temperature at any point along the element from nodal temperature values. Error values were calculated at each point from the difference between theoretical and finite element temperature values. The rms errors are shownbeside the nodal errors in table I.
The standard deviation of the within-element rms errors is shown at the bottom of table I with the overall rms error for the model which was calculated using 200 uniformly-spaced points through the model. (These are not quite the samepoints used for computing the within-element rms errors.)
The theoretical solution for this example (from eq. 3) is shown in figure 3 . The nodal values for both models are superimposed on the theoretical solution.
At this scale, differences between nodal and FEMvalues are much too small to be seen in the figure.
The errors for the two models are plotted on an expanded scale in figure 4. Since linear elements were used, the errors tend to increase towards the center of each element (away from the nodes).
The uniform mesh has relatively small errors at the nodes and greater errors near the inner surface of the annular cylinder where the temperature gradient is greatest.
The improved mesh is found to have zero errors at the nodes and a uniform distribution of errors between elements. The overall rms error of the improved mesh is 23 percent less than that of the uniform mesh. Example 3
Since the temperature gradient is specified at the inner boundary, it is also of interest to know how the values of the temperature gradients obtained using the two finite element meshes compaTe with each other and with the theoretical values, In an adaptive refinement strategy, these indicators are normally calculated for all the d.o.f, corresponding to the next refinement.
The indicators serve the purpose of identifying the region wheFerefinement is necessary.
Next, the error corresponding to the previous iteration wherein the nth d.o.f, was added is'
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Substituting into equation (9), the element stiffness coefficient is:
which is a constant. Therefore the trace minimization procedure produces a uniform element stiffness.
Finally, observe the graphs of the errors in figures 4 to 6. As mentioned earlier, the errors are more equally distributed with the improved meshwhile there is a skewed distribution with the uniform mesh. In tables I to III, the standard deviation of the within-element rms errors is lower for the improved meshthan it is for the uniform mesh. Therefore, in all cases, the improved meshdistributes the error more uniformly than the uniform mesh. The rms errors are exactly equal (within precision of calculation) in the case where temperatures are specified at the boundaries. Therefore the meshobtained in this case is optimal. Similar results, however are not obtained in the case where both temperature and gradient of temperature are specified because of the inability of FEMto strongly satisfy the Neumannboundary conditions. Nevertheless, it demonstrates the usefu]nes_ of the trace minimization procedure in a priori grid refinement.
CONCLUSIONS
The newmethod of finite-element grid improvement based on the minimization of the trace of the stiffness method has been extended to the problem of heat transfer in a solid body. In elasticity problems, this procedure is equivalent to minimizing the potential energy of the model by dividing the strain energy equally amongthe elements. The fo]lowing conclusions were made:
I. Nodal pos]tioning obtained by minimizing the trace of the stiffiness matrix leads to an improved meshover that obtained by uniform positioning of the nodes.
2. Since trace minimization is an a priori method, the meshmay be refined without solving the finite element problem. This makes the minimization procedure computationally inexpensive to perform. The mesh resulting from trace minimization may be used as a starting mesh for other mesh refinement procedures such as element division or element enhancement (h-methods or p-methods).
3. The method does not give satisfactory results for analyses in which both temperature and gradient of temperature are specified boundary conditions due to the inability of the FEMto strongly satisfy Neumann boundary conditions. 
